We prove a regularity criterion ∇π ∈ L 2/3 0, T; BMO for weak solutions to the Navier-Stokes equations in three-space dimensions. This improves the available result with L 2/3 0, T; L ∞ .
Introduction
We study the regularity condition of weak solutions to the Navier-Stokes equations u t − Δu u·∇ u ∇π 0, 1.1 div u 0, in 0, T × R 3 , 1.2
Here, u is the unknown velocity vector and π is the unknown scalar pressure. For u 0 ∈ L 2 R 3 with div u 0 0 in R 3 , Leray 1 constructed global weak solutions. The smoothness of Leray's weak solutions is unknown. While the existence of regular solutions is still an open problem, there are many interesting sufficient conditions which guarantee that a given weak solution is smooth. A well-known condition states that if 
Zhou 14 see also Struwe 15 proposed the following criterion in terms of the gradient of the pressure:
The aim of this paper is to refine 1.10 when s ∞. We will use the following interpolation inequality:
which follows from the bilinear estimates
due to Kozono and Taniuchi 16 . Here, BMO is the space of functions of bounded mean oscillations.
The function u is called a Leray weak solution of 1.1 -1.3 in 0, T if u satisfies the following properties.
2 Equation 1.1 and 1.2 hold in the distributional sense, and
Our main result reads as follows. 
is true, then as in the argument below, 1.15 may be improved to the following condition:
Remark 1.4. Inequality 1.11 plays an important role in our proof. Chen and Zhu 17 extended 1.11 to the following inequality:
and used 1.18 to obtain 1.12 . Kozono and Wadade 18 give another proof of 1.18 . Here, we give an elementary and short proof of 1.18 by 1.11 . For given 1 ≤ r < q < ∞, there exists a positive integer n and θ ∈ 0, 1 such that r < q < 2 n r and 1/q θ · 1/r 1 − θ · 1/2 n r θ 1 − θ /2 n · 1/r . By the Hölder inequality, we have
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Proof of Theorem 1.2
This section is devoted to the proof of Theorem 1.2. First, we recall the following result according to Giga 5 .
with the constant C independent of T * and s.
Next, we derive a priori estimates for smooth solutions of 1.1 -1.3 . To this end, multiplying 1.1 by |u| 2 u, integrating by parts, and using 1.2 , 1.11 for p 2, we see that
by Gronwall's inequality. Here, we have used the estimate
Now, we are in a position to complete the proof of Theorem 1.2. From Proposition 2.1, it follows that there exists T * > 0 and the smooth solution v of 1.1 -1.3 satisfies
Since the weak solution u satisfies the energy inequality, we may apply Serrin's uniqueness criterion 19 to conclude that u ≡ v on 0, T * .
2.6
Thus, it is sufficient to show that T * T . Suppose that T * < T. 
